Abstract: In this work we have studied the Kleiss-Kuijf relations for the recently introduced Parke-Taylor factors at one-loop in the CHY approach, that reproduce quadratic Feynman propagators. By doing this, we were able to identify the non-planar one-loop Parke-Taylor factors. In order to check that, in fact, these new factors can describe non-planar amplitudes, we applied them to the bi-adjoint Φ 3 theory. As a byproduct, we found a new type of graphs that we called the non-planar CHY-graphs. These graphs encode all the information for the subleading order at one-loop, and there is not an equivalent of these in the Feynman formalism.
Introduction
Among the recent developments that apply on-shell methods to the calculation of amplitudes, following Witten's work in 2003 [1] , the proposal by Cachazo-He-Yuan (CHY) [2, 3] offers some advantages. The CHY formalism applies to several dimensions and also to a large array of theories [4] [5] [6] [7] , that go even beyond field theory [8] [9] [10] [11] [12] . The formalism is based on the scattering equations (at tree-level)
σ ab = 0, σ ab := σ a − σ b , a = 1, 2, . . . , n, (1.1)
with the σ a 's denoting the local coordinates on the moduli space of n-punctured Riemann spheres and k 2 a = 0. To obtain the tree-level S-matrix we have to perform a contour integral -1 -localized over solutions of these equations, i.e.
A n = Γ dµ tree n I CHY tree (σ), (1.2) where the integration measure, dµ tree n , is given by dµ tree n = n a=1 dσ a Vol (PSL(2, C)) 3) and the contour Γ is defined by the n − 3 independent scattering equations
A different integrand, I CHY tree , describes a different theory. In the study of the scattering equations at tree-level and the development of techniques for integration, many approaches have been formulated [4, . In particular, the method of integration that we use in the calculations for the present paper was developed by one of the authors in [37] , which is called the Λ−algorithm.
The following step for the CHY formalism is going to loop corrections. A prescription that allows to go to higher genus Riemann surfaces was developed in [38] [39] [40] [41] [42] , which is called the ambitwistor and pure spinor ambitwistor string theory. Another alternative approach employing an elliptic curve was proposed in [43, 44] by one of the authors. Additionally, in [45] [46] [47] they took an approach from tree-level, by introducing the forward limit with two additional massive particles that played the role of the loop momenta.
The premise for the previously mentioned prescriptions at one-loop, is that from the CHY formalism a new representation for the Feynman propagators arise, the so called linear propagators, which look like (2 · K + K 2 ) −1 [41, 48] . Many interesting developments in one-loop integrands identities (like the Kleiss-Kuijf (KK) identities [49] ) and dualities (e.g. the the Bern-Carrasco-Johansson (BCJ) color-kinematics duality [50] ) have been found from the CHY approach, suported over the tree-level scattering equations with two extra massive particles [51] [52] [53] .
The linear propagators approach still leaves several open questions. First, there is no direct way to relate some of the results with the ones from traditional field theory, like the BCJ numerators for example. Another question is about direct loop integration, and to see if it is more efficient to compute these new integrals that appear, in comparison with many well known and long time developed integration techniques for the traditional Feynman propagators.
Currently, we are developing a program to obtain the traditional quadratic Feynman propagators, ( + K) −2 , directly from CHY. The first proposal came by one of the authors in [54] for the Φ 3 scalar theory. Following, two of the authors in [55] presented a reformulation for the one-loop Parke-Taylor factors that gives quadratic propagators, but it was just made for leading (or planar) contributions. These new Parke-Taylor factors were successfully tested in the massless bi-adjoint Φ 3 theory.
The proposal to obtain the traditional quadratic Feynman propagators from the CHY approach lies in the use of n + 4 massless scattering equations instead of n + 2. The extra particles come from splitting the extra two massive loop momenta ( + , − ) into four massless ones ((a 1 , b 1 ), (b 2 , a 2 )). The splitting was motivated by taking an unitary cut on a n-point Feynman diagram at two-loop (see Figure 1) , that leave us with a (n + 4)-point tree-level diagram . It was also proved that the four auxiliary loop momenta will always combine in order to give the loop momentum in the forward limit [54] [55] [56] . This work was motivated by the tree-level KK relations, which were found for gluons at tree-level in 1988. Let us remind the algebraic relations that the partial amplitudes satisfy A tree (β 1 , ..., β s , 1, α 1 , ..., α r , n) = (−1) 5) where the order preserving product (OP) merges the ordering α T into the ordering β.
Going to quantum corrections, in the CHY approach, we performed a study of these relations using the recently defined Parke-Taylor factors at one-loop. From this analysis, we have been able to find the non-planar one-loop Parke-Taylor factors. In addition, we also found a more general KK relations that allow us to write a more general expression for such factors.
Let us recall that the one-loop version of the KK relations was found by Bern-DixonDunbar-Kosower in [57] . Their outline for the proof relies on the structure constants, so the result holds for any one-loop gauge theory amplitude where the external particles and the particles circulating around the loop are both in the adjoint representation of SU(N). This relation reads 1 A 1−loop n;r (1, ..., r − 1 ; r, ..., n) = (−1)
(1.6)
The new objects found in this paper, the non-planar Parke-Taylor factors at one-loop, allow the construction of non-planar CHY graphs, which do not have an equivalent in the traditional formalism and encode all the information for the non-planar order. The developed non-planar CHY-graphs are applied to the massless Bi-adjoint Φ 3 theory, allowing us to explore the non-planar sector of the theory at one loop, where we obtained all the integrands that contribute to the amplitude at this quantum correction.
Outline. The present work is organised as follows. In section 2 we review the one-loop Parke-Taylor factors for planar corrections that were proposed in [55] , with a few changes in the notation and define the partial planar one-loop Parke-Taylor factor, which will be studied in depth in the following section.
Section 3 is divided in two parts. In the first one we take the previously presented partial Parke-Taylor factors and we find the one-loop KK relations for these. The development starts by analysing the tree-level relations for n + 4 particles, we find how to obtain the simplest one-loop case from them, from there we will go to the most general relation possible at oneloop. The next part is where we find the KK relations for the full one-loop Parke-Taylor factors, which resemble the relations for gluon amplitudes.
In section 4 we apply the one-loop non-planar Parke-Taylor factors in the study of one loop amplitudes for the massless Bi-adjoint Φ 3 theory. Since the CHY integrands for this theory are given by the product of two Parke-Taylor factors, the contributions for the oneloop amplitudes come from different sectors: the planar, the non-planar, and the mixed one (planar;non-planar).
The non-planar CHY-graphs will be introduced in section 5 with some particular worked out examples for the four-point and five-point cases. In section 6 we present the general non-planar CHY-graphs for an arbitrary number of points. in section 7 we conclude. In order to make the paper self contained, we provide the detailed calculations of the four-point amplitude from the CHY formalism in Appendix A and its exact equivalence with the results obtained from the standard methods based on the Feynman rules in Appendix B.
Notation. For convenience, in this paper we use the following notation
Note that ω a:b i:j is the generalization of the (1, 0)−forms used in [56] to write the CHY integrands at two-loop. In addition, we define the σ ab 's and ω a:b i:j 's chains as
To have a graphical description for the CHY integrands on a Riemann sphere (CHYgraphs), it is useful to represent each σ a puncture as a vertex, the factor 1 σ ab as a line and the factor σ ab as a dashed line that we call the anti-line. Additionally, since we often use the Λ−algorithm 2 [37] , then we introduce the color code given in Fig. 2 and 3 for a mnemonic understanding. Finally, we introduce the momenta notation
Planar Parke-Taylor factors at one-Loop
In a previous work, we found a reformulation for the Parke-taylor factors that leads to quadratic Feynman propagators by evaluating only massless scattering equations in the CHY prescription.
Let us remind the expression for the Parke-Taylor factor at tree level in the CHY approach, it is given by the following
where "π" is a generic ordering and n is the total number of particles. In addition, it will be useful to define a reduced Parke-Taylor factor, which does not involve all n particles, i.e.
2) where p < n.
As it was shown in [55] , the planar one-loop Parke-Taylor factor (on the left-sector) for 
PT
(1)
It is useful to remember that the Parke-Taylor factor on the right-sector (or b−sector) is defined to be
Such as we explained in appendix A in [55] , the CHY-integral of the product, PT
, is always a function of the couples, (k a 1 + k b 1 ) and (k a 2 + k b 2 ). This means, these type of integrals always produce quadratic propagators at one-loop by the identification,
Each one of the terms of the sum in (2.3) and (2.4) is called partial planar one-loop Parke-Taylor factor. We are going to denoted them by pt 
and for the b−sector we must just perform the replacement, (a 1 , a 2 ) → (b 1 , b 2 ). Therefore, for the rest of this work it is enough to work on the a−sector.
In [55] , we found several algebraic manipulations on these Parke-Taylor factors that allowed us to obtain the contributing planar diagrams for the bi-adjoint scalar Φ 3 theory. In order to go beyond the planar case, let us analyse a known relation between planar and non-planar integrands. 3 As it was explained in [54, 55] , in order to compute scattering amplitudes at one-loop we must perform the forward limit, ka 1 = −ka 2 (k b 1 = −k b 2 ). So, from the third line in (2.3), it is clear this definition is totally analog to the one given in [45, 46] 
where A i is an ordered list of n different elements. This relation will mark the starting point for our analysis. In this section, we are going to study and introduce a more general KK relations for the partial and total one-loop ParkeTaylor factors.
KK relations for the partial one-loop Parke-Taylor factors
Translating the previous relation for the partial one-loop Parke-Taylor factors, it can be written as
Note that in the terms on the second line in (3.3) there is a splitting in the points assigned to the loop momenta. Those terms are perfectly normal at tree-level, but at loop level they would not lead to any quadratic Feynman propagator in the forward limit, in other words, the identification, (k a 1 + k b 1 ) = −(k a 2 + k b 2 ) = , is not well defined on them. In any case, we can analyse the terms where the splitting is not present.
Taking the sector of (3.3) where the loop momenta points are not split, we can find a different relation for the partial one-loop Parke-Taylor factors. The new relation is given by
This relation can be written in a compact and more legible way, as follows
(3.5)
The result from above can be generalized. In fact, we have been able to find a more broad relation for the partial planar one-loop Parke-Taylor factor, which is given by the identity General KK relations for the partial one-loop Parke-Taylor factors pt (1)
In particular, it is straightforward to check
where α 1 := 1 and S n−1 is the set of all permutations of {2, 3, . . . , n}. Let us recall that the expression in (3.6) reproduces the symmetrized n-gon at one-loop. Finally, by considering only two sets, for example
we obtain a similar structure as the KK relation between the planar and non-planar amplitudes at one-loop [57, 58] , therefore, we define the partial non-planar one-loop Parke-Taylor factors as
-8 -and 5 the full non-planar one-loop Parke-Taylor factors as
where {π 1 , . . . , π p } and {ρ p+1 , . . . , ρ n } are two different generic orderings such that {π 1 , . . . , π p }∩ {ρ p+1 , . . . , ρ n } = ∅ and {π 1 , . . . , π p } ∪ {ρ p+1 , . . . , ρ n } = {1, 2, . . . , n}.
The partial and full non-planar one-loop Parke-Taylor factors defined in (3.8) and (3.9) can be generalized in the following way
and we can write the full version in terms of these
where {π 1 , . . . , π p }, {ρ p+1 , . . . , ρ n }, . . . {γ m , . . . , γ n }, are different generic orderings such that {π 1 , . . . , π p }∪{ρ p+1 , . . . , ρ n }∪· · ·∪{γ p+1 , . . . , γ n } = {1, 2, . . . , n} and they are disjoint, namely, they have no element in common. Although these generalizations are well defined in the CHY side, we have yet the task to understand what would be their physical meaning.
KK relation for the full one-loop Parke-Taylor factors
In the previous section we found general relations for the partial one-loop Parke-Taylor factors. In the following section our interest lies in finding KK relations that involve the full one-loop Parke-Taylor factors defined in (2.3) and (3.9). 5 Note that the partial non-planar one-loop Parke-Taylor factors for quadratic propagators can be written as 1 (a1, b1, b2, a2) pt
This expression is totally similar to the one given for non-planar linear propagators in [47, 52] , where a1 → + and a2 → −.
-9 -To obtain full one loop Parke-Taylor factors on the right hand side of (3.9) we have to expand the sum and collect the terms related by a cyclic permutation. The result can be arranged again in a sum as follows
where cyc(π) ¡ ρ/ρ n ≡ {cyc(π) ¡ {ρ p+1 , ..., ρ n−1 }, ρ n }. As an example, for the non-planar ordering [1, 2|3, 4, 5] we have the relation
(3.13)
This product for two orderings has been usually denoted in the literature as COP{π T }{ρ}, where π T is the reversed ordering of π. The proof of this result for gluons subamplitudes can be found in [57] , where they approach it from the string theory and field theory sides, here we have obtained it as a consequence of the shuffle product that appears at the tree-level KK relations.
Finding the relation between the full one-loop Parke-Taylor allows us to see more clearly the bridge between CHY and the subamplitudes from the traditional field theory approach. Another important point is that a result in [55] shows an expansion of the planar Parke-Taylor factors at one loop in terms of ω's, which displays an advantage from a computational point of view.
Going to the more general case in (3.11), the same analysis can be performed to find a relation with the full one-loop Parke-Taylor factors. After expanding and collecting the terms we are left with General KK relations for the full one-loop Parke-Taylor factors
where the product of orderings follows the same definition given after (3.12). Here even the simplest non-trivial example (that could be [1, 2|3, 4|5, 6] ) gives a considerable number of terms to fit on a single page.
-10 -4 Bi-adjoint Φ 3 scalar theory
In this section we propose a non-planar CHY prescription for the S-matrix at one-loop for the bi-adjoint Φ 3 scalar theory. In this proposal we will be able reproduce directly the quadratic propagators, in the same way as the traditional Feynman approach.
Full bi-adjoint Φ 3 amplitude at one-loop
Along the line of reasoning of [47] and with the partial Parke-Taylor factors defined in section 2, we define the full bi-adjoint Φ 3 amplitude at one-loop with flavor group U (N ) × U (Ñ ) as
where the measures, dΩ and dµ t n+4 , are given by the expressions 6 [3, 54] 
The Γ contour is defined by the massless scattering equations
where we are making the following identifications
Finally, without loss of generality, note that in (4.3) we have fixed
6 In this paper we are considering that the D−dimensional momentum space is real, i.e. ki ∈ R D−1,1 .
Therefore, the Dirac delta functions in (4.2) are well defined.
-11 -It is very important to remark that the proposal given in (4.1) is well defined. After performing the contour integral, Γ dµ t n+4 , the result obtained has a functional dependence of the loop momenta couples 7 like (k a 1 + k b 1 ) and (k a 2 + k b 2 ), therefore, the Dirac delta functions in dΩ can be carried out without problems.
Such as it has been argued in [47] , since we are looking for the forward limit with the measure
2), then it requires that when summing over the U (N ) (and U (Ñ )) degrees of freedom of the two internal particles they must be identified. Being more precise, we must introduce the sum 6) where N 2 (Ñ 2 ) is the dimension of U (N ) (U (Ñ )). Now, by using the identities 8
the full amplitude, m
It is guaranteed by the KK relations in (3.7) and the footnote 5. Since the partial non-planar one-loop Parke-Taylor factors can always be written as a linear combination of the partial planar one-loop Parke-Taylor factors then, as it was explained in appendix A in [55] , this implies the CHY-integral is always a function of the momenta (ka 1 + k b 1 ) and (ka 2 + k b 2 ). 8 The second line in (4.7) is known as the reflection identity, which is simple to check from the adjoint representation.
-12 - 
with
Finally, the amplitude, m
(1−NP;P) n [π|ρ ; γ], is defined in a similar way to the one given in (4.9). In the following sections we are going to focus on these non-planar amplitudes, we will give a few examples and define the non-planar CHY graphs.
Non-planar bi-adjoint Φ 3 amplitudes at one-loop
In the previous section we have defined the non-planar Φ 3 amplitudes at one-loop. In order to use the technology developed in [55] and section 3, it is useful to manipulate the integrands I CHY (1−P;NP) [π ; γ|δ] and I CHY (1−NP;NP) [π|ρ ; γ|δ]. From the identity in footnote 5, it is straightforward to see 
(4.14)
So, for convenience we define:
-13 - In a similar way we define M
(1−NP;P) n [π|ρ ; γ]. In the next section we will present some examples, which can be directly compared with the field theory results.
Examples and non-planar CHY-graphs
In this section we compute some particular examples for lower number of points, n = 4, 5 by using the new proposal given in section 4.2. In addition, we define and understand the more general structure of the non-planar CHY-graphs at one-loop in a simple way, which will be presented in the next section.
Before giving the examples, it is useful to introduce the line notation 9
"m" anti -lines
where the number of anti-lines "m" is equal to, m = # lines − 4. Finally, in order to obtain a more compact notation, we bring in the following definitions
and 9 This line is the same square defined in [55] .
-14 - Finally, in order to obtain a correspondence among the CHY-graphs for non-planar biadjoint scalar theory and Feynman diagrams at one-loop, we follow the same procedure performed in [55] , i.e. we will carry out a power expansion 10 of PT [· · · ] we will use its original definition.
Four-point
First of all, we analyze the simplest example, the four-point computation 11 .
Let us consider the NP; P contribution, which is given by the expression 4:4 , which has been shown in [55] , it is simple to draw the CHY-graphs 10 Note that the lowest power of that expansion for the non-planar Parke-Taylor factors is four, it is a consequence of the Theorem 1 in [55] . 11 In appendix B we carried out the four-point computation using the Feynman rules.
-15 -
(5.5) These kind of graphs were already computed in [55] and the answer is where we have used the same identity as in the above example. This CHY-integral was computed by one of the authors in [54] and the result is Next, in order to compare this example with the previous one and to obtain more information from it, we use the same procedure as in (5.5). Thus, on the a-sector we apply the identity, PT
(1) We could do that and then to apply the technology developed in [55] . However, this procedure is longer and tedious, we would also lose the correspondence between the non-planar CHYgraphs and Feynman diagrams at one-loop.
Five-point
In this section we consider less trivial examples, the five-point case computations. The first one is given by -17 -From the results found in [55] , it is straightforward to check the identity PT (1) 1, 2, 3, 4, 5) , we obtain the graph expansion + cyc
here "cyc" means cyclic permutations of the labels, (1, 2, 3, 4, 5), but by keeping the connection among them. Note that the graphs in (5.14) are totally similar to the ones obtained in [55] , equation (5.3) . In fact, the only new graph is the second one, which is a generalization of the graph in proposition 3 of [55] . Following the same procedure that was applied there, we multiply this graph by the cross-ratio identity, 1 = −σ 53 ω The second resulting graph is a generalization of the one given in proposition 2 of [55] . This graph is simple to compute using the Λ−algorithm and its result is zero. So, the M + cyc 17) where all these graphs were already mapped to Feynman diagrams in [55] . Thus, the final answer is 
PT
(1) 
The first, third and fourth CHY-graphs are a generalization of the butterfly graph that was found in the above section, equations (5.9). On the other hand, the second CHY-graph is a combination between the butterfly graph and the graph in proposition 3 of [55] . So, by multiplying this graph by the cross-ratio identity, 1 = −σ 34 ω Like it happened in the previous example, the second resulting graph is a mixing between the butterfly graph and the one given in proposition 2 of [55] . The result for this graph is again zero. Therefore, we can now write the M . The computation of these graphs is completely similar to the one performed in (5.10), and we obtain the following results such as it was done in the planar case, [46, 55] . Although we do not have a formal proof, there are evidences that the previous intersection relation could be applied to higher number of points, therefore we conjecture the following general relation, up to an overall sign
where the ordered lists,
In the following section we will generalize the previous results to an arbitrary number of points. Additionally, it is useful to remind that all computations were checked numerically.
General non-planar CHY-graphs
We have found a new type of CHY-graphs at one-loop, the non-planar CHY-graphs (or butterfly graphs). Those type of graphs could be identified as a generalization of the planar case obtained in [55] . In addition, let us recall that when the CHY-integrand associated to a planar CHY-graph is integrated, its result is a sum of Feynman diagrams at one-loop. This fact is summarized by the equality
13 Under the equivalence relation given by the loop momentum shifting in (5.3), there are 12 nonequivalent pentagons and 18 nonequivalent boxes. In addition, note that these 12 nonequivalent pentagons are in perfect agreement with the expansion given in (3.13) for PT (1)
14 This equality is given up to an overall sign.
-22 -where the grey circles mean the sum over all possible trivalent planar diagrams 15 (T i ), the symbol "P n " in the loop circle denotes a regular polygon of n-edges and "N " is total number of particles.
From the butterfly graphs obtained in (5.9) and (5.25), we generalize the planar CHYgraph in (6.1) to the non-planar case. Additionally, by using the Λ−algorithm, it is straightforward to compute this new kind of graph. Thus, a general butterfly graph and its result in terms of Feynman diagrams is given by the expression
where, as in (6.1), the grey circles mean the sum over all possible trivalent planar diagrams (T i ), "P n " denotes a regular polygon of n-edges and "N " is the total number of particles. Finally, using the results found in [55] and the CHY-graphs representation obtained for M where the grey circle means the sum over all possible trivalent planar diagrams with the ordering (1, 2, . . . , n).
-23 - 
This is clear that (6.4) is in agreement with (5.9) and (5.25).
We can now summarise the results obtained in this work in the following and final section.
Discussions
In this paper we continued the program to obtain one-loop quadratic Feynman propagators directly from CHY. Studying the one-loop Parke-Taylor factors found in [55] , we found the well known KK relations for amplitudes in momentum space, now in the context of functions of σ − variables in the CHY formalism. These relations allowed a generalization that leaded us also to obtain a generalization to the multi-trace one-loop Parke-Taylor factors, which as a special case have the double-trace one, or the non-planar one-loop Parke-Taylor factors. The KK relations have been traditionally used to obtain the subleading order contributions at one-loop in terms of leading ones. What we have done here, is exploit the KK relations and as a consequence of them obtain a remarkable result, the non-planar CHY-graphs. There is not an equivalent of these graphs in the traditional formalism and among the advantages they offer we have:
• The subleading order can now be written directly in terms of these graphs, since they encode all the information for this order in a fewer number of graphs in comparison to Feynman diagrams.
• Easier computation and generalization for a higher number of points.
• Using intersections between graphs the amplitudes for mixed orderings can be obtained in a straightforward way.
We applied the non-planar CHY-graphs in the study of the bi-adjoint scalar theory at one-loop. We have found all there is to know, as far as we understand, for this theory at that loop order, at the level of Feynman integrands with on-shell external particles.
There are several directions to move on from the developments we have done in this paper. We are ready to apply all the technology we have developed in the study of the YangMills theory and gravity at one-loop with quadratic Feynman propagators, the KK relations we have found here play an important role in a version of the BCJ duality we are currently working on. The study of the BCJ duality have already been done for the case of linear propagators [52, 53] , so it will be very interesting to compare.
Another direction is going to a higher number of loops for the Parke-Taylor factors, and study relations among them, that is another work in progress. There is not much study done in this part at the moment.
Since we have found a way to encode all the one-loop information in a fewer number of CHY-graphs(integrands), it would be desirable to be able, or understand the viability, of performing the loop integration before the contour integration in the σ − variable, this could lead to a new and more compact way of calculating loop corrections.
A Four-point non-planar CHY-graph computation
In this appendix we will work out an example using the Λ−algorithm in order to compute non-planar CHY-graphs. Since that the Λ−algorithm is a graphical method we can omit the integral dµ t 4+4 . The simplest non-trivial example is the four-point case computation obtained in (5.9) . Applying the Λ−rules presented in [37] , we identify that there are three non-zero cuts given by Note that in this paper we have used this gauge fixing for all graphs, which was very useful in the planar case [55] . However, for the non-planar case this gauge is not as efficient. Although it is not evident at first sight, the cuts in (A.1) generate non-trivial CHY-subgraphs with spurious poles. Thus, we are going to choose a new gauge fixing that it is able to produce CHY-subgraphs with only physical poles. Let us fix the punctures {σ 1 , σ 2 , σ 3 } by PSL(2, C), and the puncture {σ 4 } by scaling symmetry. Under this gauge fixing, the non-planar graph becomes The above cuts are straightforward to be computed and their result is
Note that the CHY-subgraphs obtained in (A.3) and (A.4) have the same structure as the one given in (6.1), which was computed in datail in [55] . So, the final answer for cut-1 and cut-2 is 2 s a 1 b 1 s 3a 1 b 1 s 34a 1 b 1 s 341a 1 b 1 .
-26 -On the other hand, the subgraphs in (A.5) have the same form as ones studied in [54] . The computation of these subgraphs is straightforward and the total result of the cut-3 is
Adding the cuts, cut − 1 + cut − 2 + cut − 3, we obtain the final result for this four-point non-planar CHY-graph, namely
Therefore, by carrying out the integral,
dΩ s a 1 b 1 , it is trivial to check the previous expression becomes (5.10).
Finally, note that this gauge fixing can be applied to higher number of points.
B Four-point amplitude from the Feynman rules
In this appendix we calculate the four-point amplitude from the standard Feynman rules to compare with our final results based on the master formulas we obtained in previous sections. We have the following Lagrangian for the bi-adjoint scalar field theory
in which we have the following Lie algebra
with two sets of generators {T a } and {T a } and their corresponding structure constants, f abc andf abc [32] . In this theory we only have the following three-vertex to be used for constructing -27 -tree-and loop-level diagrams, see [4] for some examples in tree-level amplitudes. In this paper we are interested in one-loop amplitudes in bi-adjoint scalar field theory, especially its nonplanar contributions. The first one-loop diagram with non-planar counterpart in this theory is the four-point amplitude which will be constructed using the above three-vertex to compare with the CHY results in section 5.1. After sewing four copies of the three-vertex in Fig. 4 we k1 k2 k3 k4 Figure 5 . Irreducible contribution to the one-loop four-point amplitude.
get the irreducible contribution to the four-point amplitude depicted in Fig. 5 which leads to the following representation
After using identities in (4.7) for the natural ordering of the external scalars in the loop (canonical ordering: 1234) we get
where N 2 (Ñ 2 ) is the dimension of U (N ) (U (Ñ )). Now if we exclude the fully planar part of (B.3) the rest of the amplitude gives in (4.8) has two parts, one for the color decomposition and one for the momentum integral. If we exclude the planar contribution (which has been discussed in [55] ) in m 1−loop 4 we have:
I
(1−P;NP) = 4(N ) (B.14)
The same discussion holds for the NP; P part. Now, the most nontrivial part is the NP; NP contribution. For this piece of the amplitude from (4.8) we get To summarize, in this appendix we have shown the exact equivalence for the non-planar contribution to the four-point amplitude between our formula in the CHY side (4.8) and the one from the standard method based on the Feynman rules for the bi-adjoint scalar field theory in (B.12). The same discussion applies to higher order amplitudes at one-loop level.
